The methodology used in part 1 [1] of the work for single-cell thin-walled closedsection composite beams is extended to multi-cell thin-walled closed-section composite beams. The effect of material anisotropies is fully considered on the mid-surface shear strain of all the cross sectional members including skin walls and internal members. Numerical comparisons with ABAQUS finite element simulations are performed for three-cell box and elliptical beams with a variety of laminate layups under various loading conditions and excellent agreements are observed. Significant deficiency of some existing models are shown.
Introduction
An accurate structure mechanical model has been developed in part 1 [1] of the work for TWCSCBs with single-cell cross sections. In this part 2, the model is extended to TWCSCBs with multi-cell cross sections which are much more popular in several industrial sectors. The extension will involve more complex analytical operations than that for TWCSCBs with single-cell cross sections. All the kinematic developments remain the same and are not repeated here. However, details will be presented here to determine the local shell wall axial warping displacement, the mid-surface shear strain and the global beam stiffness matrix. Fig. 1 shows the multi-cell cross section of a TWCSCB with its shear flow diagram. Although it is in a relatively simple one-direction multi-cell arrangement, the principle for the development of present 1-D TWCSCB modelling will be thoroughly demonstrated and remains the same for any arbitrary multi-cell arrangements.
The TWCSCBs model in [2-4]
Eq. (13) in part 1 of the work [1] gives the local shell wall mid-surface warping displacement ) , 
∫ = ds C
Note that the circular integration symbol ∫ denotes an integration over the whole cross section perimeter including both the skin and internal shell walls and starting point 0 = s is arbitrary. It is seen from Eq. (1) that the shell wall mid-surface shear strain sz γ needs to be determined first in order to determine the shell wall mid-surface axial warping displacement ) , ( z s w ω . Applying Eq. (1) to any one complete cell, e.g. the Rth cell 1-2-3-4-1 as shown in Fig. 1 
where
This can be rearranged as:
δR,R-1 represents the integration on the wall bounded by the Rth cell and the (R-1)th cell; δR,R denotes the closed integration on the Rth cell and δR,R+1 represents the integration on the wall bounded by the Rth cell and the (R+1)th cell. Assembling Eq. (4) for all the N cells shown in Fig. 1 gives 
where the elements Hi,j are expressed as:
From Eq. (5), the shear flow of each cell, as a function of sectional rate of twist,
where:
Finally, the shear flow distribution in each wall can be calculated as:
where the subscript of R denotes the walls of the Rth cell that are not bounded with any other cells, e.g. the wall 1-2 and 3-4 in Fig. 1 . Whereas the subscript of R+1, R denotes the wall bounded by (R+1)th and Rth cells, for example the wall 4-1 in Fig. 1 . By using the earlier assumption
the distribution of shell wall mid-surface shear strain for a multi-cell section in the work [2] becomes:
Eq. (8a) can be written in a more compact form as
where the location of wall segments is represented as s= (1), (2, 1) , … (R), (R+1,R), … (N,N-1), (N). ψ is called the torsional function of a multi-cell closed-section.
Instead of assuming constant shear flow
on each shell wall segment [2] , the work [3, 4] assumes a constant quantity t sz γ . The torsional function ψ in the work [3, 4] therefore becomes:
Theδ integrations corresponding to Eqs. (4b,c,d) change to be
The mechanical meaning of constant quantity t sz γ is unclear for composite materials. Now, substituting Eq. (8b) into Eq. (1) gives the shell wall mid-surface axial warping displacement.
is the warping function with
It has same form as that for single-cell cross section as expected. Then, the shell wall mid-surface axial strain zz ε is expressed as in terms of the global beam strain and curvatures, which is the same as that in Eq. (18) in part 1 [1] and is recorded here.
The 1-D multi-cell TWCSCBs constitutive equations can then be established in the same way as that for the 1-D single-cell TWCSCBs by replacing the single-cell torsional function with the multi-cell ones given here. The details can be found in Eqs. (A18-32) in part 1 [1] of the work.
The shell wall mid-surface shear strain sz γ in Eq. (8b) and the axial strain zz ε in Eq. (12) serve the basis for the mechanical modelling in the work [2] [3] [4] . It is worth to repeat the following point made in part 1 [1] of the present work. Eq. (8b) is the key feature in works [2] [3] [4] γ and consequently on the accuracy of modelling. In next section the sz γ will be determined by using the material constitutive laws of local shell wall.
The present TWCSCBs model
From the constitutive equations of local shell wall given in Eq. (22) or (23) 
Replacing szT N by shear flow q for simplicity, the left-hand side of Eq. (16) can be considered for each wall segment as:
Using Eq. (12) 
The 
The location of the wall segment is s=(1), (2, 1) 
The details of the stiffness matrix ] [ ij E are given in the Appendix.
Numerical validations
The 1-D multi-cell TWCSCB model in Eq. (21) has been implemented in a 1-D beam finite element similar to that in the work [3, 4] . For the purpose of convenient comparison, the model in the work [2, 3, 4 ] and the present model are designated as Model 1 and 2 in the following text, respectively. The numerical results calculated from both models are compared with results from an ABAQUS shell model. The four-node linear quad-4 S4R5 shell element from ABAQUS element library is employed [6] .
The first validation example concerns a three-cell cantilever box beam as shown in Fig. 2 . Note that all the layups are counted in the LSWCS nsz from n=-t/2 and the fibre angle θ in Fig. 1 of part 1 [1] of the work is measured relative to s and not the usual axial axis z. The direction of s axis is anti-clockwise along the skin shell wall and downwards and upwards along the left and right webs, respectively. Table 1 shows the free end displacements and rotations from both models and the four-node linear quad-4 S4R5 shell element from ABAQUS. For symmetric and quasi-isotropic laminate layups, the results predicted by both models are identical and compares well with ABAQUS simulations. k . The causes of significant errors in calculating the bending stiffness are similar to those observed in the analysis of the single-cell TWCSCBs in part 1 [1] of the work. The A16 and A26 decide the magnitude of k12 and k23, which ultimately affect the magnitude of ∆E22 and ∆E33. Unlike the single-cell TWCSCBs of which axial, axial-twist coupling and torsional stiffnesses were unchanged between the Model 1 and 2 regardless of laminated layups, the axial, axial-twist coupling and torsional stiffnesses of the multi-cell box beam varies between the two models for different laminate layups, as shown in Table 1 . Assessments of the stiffness difference, e.g. ∆E11 and ∆E44, can be carried out in the similar approach as ∆E22 and ∆E33 from part 1 [1] of the work for single-cell TWCSCB model. The ∆E11 is studied as a demonstration example below.
The constitutive relationship between the global axial force Z F and the global axial strain Z ∈ in Model 1 is defined by the stiffness term E11 given as 
where the underlined part is the difference between the two models and is represented by Z R as Table 2 lists the stiffness parameters and variations of the axial stiffness between the two models for the five layups considered. Upon comparisons, the following observations were obtained:
 Generally, ∆E11 due to terms RZ1 and RZ2 are less significant compared to the ∆E22 and ∆E33 given in Table 2 of part 1 [1] of the work. The material coupling between sz γ and zz ε are mainly contributed to the warping which is negligible for closed cross section beams.  For symmetrical layups and quasi-isotropic layup, A16=A26=0. Effectively, k12=S14=0. Therefore, RZ vanishes so that the axial displacements calculated by the two models are identical.  For layup [45/90], the k12 is much smaller than k22. As a result, the magnitude of Rz become insignificant compared to E11 from Model 1. Therefore, the difference of the axial stiffness of the two models is small.  For arbitrary layups [80/70/60] and [70/-20] 2 where the k12 is much greater than k22, the RZ is greater than 4% of E11 from Model 1 and need to be considered.
To validate present model on a commonly used multi-cell TWCSCB with curved walls, a cantilever multi-cell elliptical beam with same material properties and layups as those used for multi-cell box beam is assessed. Fig. 3 shows the geometrical specifications of the beam. The results from both models are tabulated in Table 3 along with ABAQUS simulations. The observations are the same as those concluded from the analysis of the three-cell box beam.
Conclusions
The accurate structure mechanical model for single-cell TWCSCBs in part 1 [1] of the work is extended to multi-cell TWCSCBs. Numerical comparisons with ABAQUS simulations are performed for box and cylindrical beams with a variety of laminate layups under various loading conditions and excellent agreements are observed. It concludes that the present model is applicable with truly arbitrary layups of laminates. Neglecting the effect of material anisotropies can lead to gross overestimate of global beam bending stiffness while neglecting the axial warping effect leads to slight overestimate of the global beam extension and torsional stiffness. It will be valuable work to extend the present model to broader areas such as including vibration analysis [7] , transverse shear effect [8] , geometrical nonlinearity [9] , and etc.
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